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Abstract—Recently, massive multiple-input multiple-output
(MIMO) systems have attracted considerable research interest
and have been regarded as a candidate technology for the 5th
generation (5G) cellular networks. In massive MIMO systems, a
base station (BS) is equipped with a large number of antennas
which are serving several simultaneous single antenna users.
However, it is difficult to place an increasing number of antennas
in a limited space, and the antenna space limitation causes a
high spatial correlation between the antennas, further resulting
in systems performance degradation. In this paper, we establish
a 3-D geometrical channel model for massive MIMO systems. We
focus on the massive MIMO system antennas average correlation
and channel capacity. The far-field and near-field effects are
modeled by the plane wave (PW) and spherical wave (SW),
respectively. We derive average correlation for a certain antenna
to describe the certain one antenna correlation degree in the
whole massive MIMO system, and define average correlation for
the whole system antennas to describe the whole system antennas
correlation degree.

Index Terms—Massive MIMO, 5G, spatial correlation, channel
model.

I. INTRODUCTION

In recent years, massive multiple-input multiple-output
(MIMO) systems have attracted considerable research interest,
which have been regarded as a candidate technology for the
5th generation (5G) cellular networks. Generally speaking, a
massive MIMO system can be considered as an enhanced
version of conventional MIMO system by utilizing an enor-
mous number of antennas [1]. But unlike conventional MIMO
systems with small and compact antenna arrays, massive
MIMO systems have a base station (BS) equipped with a large
number of antennas (dozens or hundreds of antennas) serving
several simultaneous single antenna users.

As the number of antennas increases, Liu et al. [2] pointed
out that when the distance between the transmitter and receiver
is less than the Rayleigh distance due to the huge size of the
massive antenna structure, the plane wave (PW) condition is
dissatisfied, hence it is necessary to consider spherical wave
(SW). Most researches on the massive MIMO systems are
based on the assumption that the channels are independent.
In reality, this assumption is very difficult to realize when
the number of multiple antennas is very large [3]. An an-
tenna spacing of at least half a wavelength at the customer
premise equipment and ten wavelengths at the base station are
typically required for achieving significant channel capacity
[4]. However, it is difficult to place an increasing number of
antennas in a limited space, and if it can be deployed, the

high spatial correlation between the antennas will cause system
performance degradation [5].

In this paper, we establish a 3-D geometrical channel model
for massive MIMO systems, and both the azimuth angles of
arrival (AAoAs) and elevation angles of arrival (EAoAs) have
been taken into account. We focus on the massive MIMO
system antennas average correlation and channel capacity.
We use PW to model the far-field signals, and use SW to
model the near-field signals. The average correlation for a
certain antenna is derived to describe the certain one antenna
correlation degree in the whole massive MIMO system, and
average correlation for the whole system antennas is defined
to describe the whole system antennas correlation degree.
The channel capacity has also been derived and analyzed.
The results show that near-field effects help decorrelating the
antennas, and the average correlation for both a certain antenna
and the whole system antennas decrease to a certain extent as
the number of antennas increases. The SW effect is weakened
as the distance between transmitter and receiver increases, and
the SW can be regarded as PW when the transmitter and
receiver is far enough apart.

The remainder of this paper is organized as follows. Sec-
tion II analyzes the uniform linear array (ULA) massive
MIMO system antennas average correlation and channel ca-
pacity in both far-field using PW and near-field using SW.
Section III gives the simulation results and analysis. Finally,
we present the concluding remarks in Section IV.

II. ANALYSIS OF MASSIVE MIMO SYSTEM ANTENNAS

AVERAGE CORRELATION AND CHANNEL CAPACITY

In this section, we analyze the average correlation for both
a certain antenna and the whole uniform linear array (ULA)
massive MIMO system antennas. Both the far-field effect using
PW and near-field effect using SW have been modeled, and
the channel capacity has been derived and analyzed.

A. Massive MIMO System Antennas Average Correlation Us-
ing PW

A 3-D ULA massive MIMO system transmission scenario
using PW is shown in Fig. 1. The antennas are in the far-field
of the signals (more than the Rayleigh distance), therefore, the
signals at antennas are parallel, which only have transmission
distance differences. The 𝑥-𝑆1-𝑦 plane is the horizontal plane.
The multipath signals come from arbitrary direction with
AAoAs 𝛼𝑛(𝑛 ∈ {1, 2...𝑁}) and EAoAs 𝛽𝑛(𝑛 ∈ {1, 2...𝑁})
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Fig. 1. 3-D ULA massive MIMO system transmission scenario using PW.

for all the antennas, and every antenna has the same AAoAs
and EAoAs distributions. The adjacent antenna spacing is 𝑑.
For antenna A2, 𝑆2𝑃

′
2 is the projection of 𝑆2𝑃2 on the 𝑥-𝑆1-𝑦

plane. ∠𝑃2𝑆2𝑃
′
2 is 𝛽𝑛, and ∠𝑃

′
2𝑆2𝑆1 is equal to (𝜋/2−𝛼𝑛).

Therefore, the angle ∠𝑃2𝑆2𝑆1 is given by

𝑐𝑜𝑠∠𝑃2𝑆2𝑆1 = 𝑐𝑜𝑠∠𝑃
′
2𝑆2𝑆1𝑐𝑜𝑠∠𝑃2𝑆2𝑃

′
2

= 𝑐𝑜𝑠(𝜋/2− 𝛼𝑛)𝑐𝑜𝑠(𝛽𝑛) (1)

where (1) is proved in the appendix. The difference of
transmission distance when wave front arrives at antenna A1

and antenna A2 respectively is 𝑃2𝑆2, and the corresponding
time delay difference is 𝑃2𝑆2/c=d𝑐𝑜𝑠(𝜋/2 − 𝛼𝑛)𝑐𝑜𝑠(𝛽𝑛)/c.
Regarding antenna A1 as a reference antenna, the channel
impulse responses at antenna A1 and antenna A2 using PW
can be expressed as

ℎ𝑃𝑊
1 =

𝑁∑
𝑛=1

𝐴𝑛𝑒𝑗𝜙𝑛 (2)

ℎ𝑃𝑊
2 =

𝑁∑
𝑛=1

𝐴𝑛𝑒𝑗(𝜙𝑛+2𝜋𝑑𝑐𝑜𝑠(𝜋
2 −𝛼𝑛)𝑐𝑜𝑠(𝛽𝑛)/𝜆) (3)

where 𝐴𝑛 is the 𝑛th path receiving amplitude and 𝜙𝑛 is the 𝑛th
path receiving phase. 𝜆 is the carrier wavelength. In massive
MIMO systems, all the antennas are assumed to be uniformly-
spaced, and for PW all the signals are parallel, therefore, for
antenna A𝑚, the channel impulse response is

ℎ𝑃𝑊
𝑚 =

𝑁∑
𝑛=1

𝐴𝑛𝑒𝑗(𝜙𝑛+2𝜋𝑑(𝑚−1)𝑐𝑜𝑠(𝜋
2 −𝛼𝑛)𝑐𝑜𝑠(𝛽𝑛)/𝜆) (4)

And the spatial correlation function between antenna A1

and antenna A2 using PW is defined as 𝜌𝑃𝑊
1,2

𝜌𝑃𝑊
1,2 = 𝐸{ℎ𝑃𝑊

1
∗ℎ𝑃𝑊

2 }

= 𝐸{
𝑁∑

𝑛=1

𝐴2
𝑛𝑒−𝑗2𝜋𝑑𝑐𝑜𝑠(𝜋

2 −𝛼𝑛)𝑐𝑜𝑠(𝛽𝑛)/𝜆} (5)

As 𝑁 → ∞, discrete AAoAs 𝛼𝑛 and discrete EAoAs 𝛽𝑛

can be replaced by continuous random variables 𝛼 and 𝛽
having a joint probability density function (pdf) 𝑝(𝛼, 𝛽) [6].
We assume that AAoAs and EAoAs are independent of each
other, then we have 𝑝(𝛼, 𝛽) = 𝑝(𝛼)𝑝(𝛽). Then 𝜌𝑃𝑊

1,2 can be
written as

𝜌𝑃𝑊
1,2 = 𝐴2

∫ ∫
𝑒−𝑗2𝜋𝑑𝑐𝑜𝑠(𝜋

2 −𝛼)𝑐𝑜𝑠(𝛽)/𝜆𝑝(𝛼)𝑝(𝛽)𝑑𝛽𝑑𝛼 (6)

where 𝐴 is the receiving amplitude at the antennas. The spatial
correlation function between any two antennas is

𝜌𝑃𝑊
𝑚,𝑘 = 𝐸{ℎ𝑃𝑊

𝑚
∗ℎ𝑃𝑊

𝑘 }
= 𝐴2

∫ ∫
𝑒−𝑗2𝜋𝑑(𝑘−𝑚)𝑐𝑜𝑠(𝜋

2 −𝛼)𝑐𝑜𝑠(𝛽)/𝜆

𝑝(𝛼)𝑝(𝛽)𝑑𝛽𝑑𝛼 (7)

Since the massive MIMO systems have dozens or hundreds
of antennas, we define the average correlation for a certain
antenna to describe the certain one antenna correlation degree
in the whole massive MIMO system. We assume that the
whole ULA massive MIMO system has 𝑀 antennas, and for
antenna A1, the average correlation 𝜌𝑃𝑊

1 is defined as

𝜌𝑃𝑊
1 =

𝜌𝑃𝑊
1,1 + 𝜌𝑃𝑊

1,2 + ... + 𝜌𝑃𝑊
1,𝑀

𝑀

=

∑𝑀
𝑖=1 𝜌𝑃𝑊

1,𝑖

𝑀
(8)



Fig. 2. 3-D ULA massive MIMO system transmission scenario using SW.

And for antenna A𝑚, the average correlation 𝜌𝑃𝑊
𝑚 is

𝜌𝑃𝑊
𝑚 =

𝜌𝑃𝑊
𝑚,1 + 𝜌𝑃𝑊

𝑚,2 + ... + 𝜌𝑃𝑊
𝑚,𝑀

𝑀

=

∑𝑀
𝑖=1 𝜌𝑃𝑊

𝑚,𝑖

𝑀
(9)

The average correlation of a certain antenna is used to
describe the correlation degree of the certain one antenna.
However, for the whole massive MIMO system, we define the
average correlation for the whole system antennas to describe
the whole massive MIMO system antennas correlation degree,
which is actually the mean value of all the average correlation
of a certain antenna

𝜌𝑃𝑊 = [(𝜌𝑃𝑊
1,1 + 𝜌𝑃𝑊

1,2 + ... + 𝜌𝑃𝑊
1,𝑀 )+

(𝜌𝑃𝑊
2,1 + 𝜌𝑃𝑊

2,2 + ... + 𝜌𝑃𝑊
2,𝑀 )+

... + (𝜌𝑃𝑊
𝑀,1 + 𝜌𝑃𝑊

𝑀,2 + ... + 𝜌𝑃𝑊
𝑀,𝑀 )]/𝑀2

=

∑𝑀
𝑖=1 𝜌𝑃𝑊

𝑖

𝑀
(10)

The antenna correlation is influenced by the environment
scattering (i.e., AAoAs and EAoAs distributions). There are
many different distributions to characterize the AAoAs dis-
tribution, such as uniform, Gaussian, Laplacian. Usually, we
use the uniform distribution with certain angle spread (AS) to
characterize the AAoAs distribution, which is defined as

𝑝(𝛼) =
1

2Δ𝛼
,−Δ𝛼 + 𝛼0 ≤ 𝛼 ≤ Δ𝛼 + 𝛼0 (11)

where 𝛼0 is the mean AAoAs, and Δ𝛼 is the AS. For the
EAoAs distribution, we use the cosine probability density
function [7]

𝑝(𝛽) =
𝜋

4𝛽𝑚𝑎𝑥
cos(

𝜋

2

𝛽

𝛽𝑚𝑎𝑥
), ∣𝛽∣ ≤ 𝛽𝑚𝑎𝑥 ≤ 𝜋

2
(12)

where 𝛽𝑚𝑎𝑥 is the maximum EAoA.

B. Massive MIMO System Antennas Average Correlation Us-
ing SW

As mentioned above, when the distance between the trans-
mitter and receiver is less than the Rayleigh distance, the PW
condition is dissatisfied, and then we have to consider SW. Fig.
2 shows the 3-D ULA massive MIMO system transmission
scenario using SW. The only difference between Fig. 2 and
Fig. 1 is that the wave front is sphere rather than planar. We
assume that the signals come from signal source 𝑆, and 𝑆

′

is the projection of 𝑆 on the horizontal plane 𝑥-𝑆1-𝑦. The
distance between the 𝑆

′
and the 𝑥 axis is 𝑑𝑦 , the distance

between the 𝑆
′

and the 𝑦 axis is 𝑑𝑥, and the height of 𝑆 is
ℎ. Then we can obtain the exact distances between the signal
source 𝑆 and every antenna

𝑑𝑆𝑆1
=

√
𝑑2
𝑥 + 𝑑2

𝑦 + ℎ2

𝑑𝑆𝑆2
=

√
(𝑑𝑥 + 𝑑)2 + 𝑑2

𝑦 + ℎ2

...

𝑑𝑆𝑆𝑚
=

√
(𝑑𝑥 + (𝑚 − 1)𝑑)2 + 𝑑2

𝑦 + ℎ2 (13)

Also we regard antenna A1 as a reference antenna, and the
channel impulse responses of different antennas using SW are

ℎ𝑆𝑊
1 =

𝑁∑
𝑛=1

𝐴𝑛𝑒𝑗(𝜙𝑛+2𝜋
√

𝑑2
𝑥,𝑛+𝑑2

𝑦,𝑛+ℎ2
𝑛/𝜆)

ℎ𝑆𝑊
2 =

𝑁∑
𝑛=1

𝐴𝑛𝑒𝑗(𝜙𝑛+2𝜋
√

(𝑑+𝑑𝑥,𝑛)2+𝑑2
𝑦,𝑛+ℎ2

𝑛/𝜆)

...

ℎ𝑆𝑊
𝑚 =

𝑁∑
𝑛=1

𝐴𝑛𝑒𝑗(𝜙𝑛+2𝜋
√

(𝑑(𝑚−1)+𝑑𝑥,𝑛)2+𝑑2
𝑦,𝑛+ℎ2

𝑛/𝜆) (14)



TABLE I
COMPARISON OF MEAN AS UNDER DIFFERENT COMMUNICATION ENVIRONMENTS.

Frequency (MHz) Urban Suburban Countryside Indoor
1000 20∘ ∼ 60∘

1800 8∘ 5∘

1845 <10∘

1873 3∘ ∼ 15∘

2100 7∘ ∼ 12∘ 3∘ ∼ 18∘

2154 10.3∘

2200 3∘

7000 22∘ ∼ 26∘

According to the geometrical relationship shown in Fig. 2,
for an arbitrary antenna we have

𝑡𝑎𝑛(𝛼𝑚
𝑛 ) =

𝑑(𝑚 − 1) + 𝑑𝑥,𝑛

𝑑𝑦,𝑛

𝑡𝑎𝑛(𝛽𝑚
𝑛 ) =

ℎ𝑛√
(𝑑(𝑚 − 1) + 𝑑𝑥,𝑛)2 + 𝑑2

𝑦,𝑛

(15)

And then we have

𝑑𝑥,𝑛 = 𝑡𝑎𝑛(𝛼𝑚
𝑛 ) ∗ 𝑑𝑦, 𝑛 − 𝑑(𝑚 − 1)

ℎ𝑛 = 𝑡𝑎𝑛(𝛽𝑚
𝑛 )

√
𝑡𝑎𝑛2(𝛼𝑚) ∗ 𝑑2

𝑦,𝑛 + 𝑑2
𝑦,𝑛 (16)

The spatial correlation between any two different antennas
using SW is

𝜌𝑆𝑊
𝑚,𝑘 = 𝐸{ℎ𝑆𝑊

𝑚
∗ℎ𝑆𝑊

𝑘 }
= 𝐴2

∫ ∫
𝑒𝑗

2𝜋
𝜆 [
√

(𝑑(𝑚−1)+𝑑𝑥)2+𝑑2
𝑦+ℎ2

𝑒−𝑗 2𝜋
𝜆

√
(𝑑(𝑘−1)+𝑑𝑥)2+𝑑2

𝑦+ℎ2]𝑝(𝛼)𝑝(𝛽)𝑑𝛽𝑑𝛼 (17)

Also we can define the average correlation of a certain
antenna as 𝜌𝑆𝑊

𝑖 and that of the whole ULA massive MIMO
system antennas as 𝜌𝑆𝑊 when PW is replaced by SW.

C. Massive MIMO System Channel Capacity

Assuming that a typical massive MIMO system with a
BS equipped with 𝑀 antennas are serving 𝐾 (𝐾 < 𝑀 )
simultaneous single antenna users. The 𝐾 single antenna users
are at random positions in the same cell. The channel capacity
is highly dependent on the correlation between antennas (both
the transmit antennas correlation and receive antennas corre-
lation). The generalized channel capacity can be computed as
[8]

C = log2[det(I+
𝜌

M
HHH)] (18)

where I is the 𝐾 ×𝐾 identity matrix, H denotes the 𝐾 ×𝑀
channel matrix and H𝐻 is its conjugate transpose. 𝜌 is the
average signal-to-noise ratio (SNR) at each receiver branch [9].
The channel matrix H can be modeled as Kronecker model
[10]

H = R
1/2
𝑅 Hi.i.d.R

𝑇/2
𝑇 (19)

where Hi.i.d. is a 𝐾×𝑀 matrix of independent and identically
distributed (i.i.d.) zero mean complex-valued Gaussian random
variables. R𝑅 is 𝐾 × 𝐾 receive correlation matrix and R𝑇

is 𝑀 × 𝑀 transmit correlation matrix. (⋅)𝑇 denotes the
transpose operation. For massive MIMO system, we only
consider the correlation at the BS because the user antennas
are uncorrelated since they are practically very distant, hence
R𝑅 = I [11]. The elements of matrix R𝑇 are obtained using
(7) and (17).

III. SIMULATION RESULTS AND ANALYSIS

Table I [12] summarizes the mean AS under different
real communication environments, and we set our simulation
parameters according to the real scenarios. From Fig. 3(a) we
can see the average correlation of a certain antenna (here we
consider the first antenna A1) using PW varies as the number
of antennas increases with different AS. The antenna spacing
is equal to 𝜆/2, 𝛽𝑚𝑎𝑥 = 30∘ and the amplitude is normalized.
We observe that the average correlation is sensitive to the
AS while the EAoAs distribution has a slight effect on the
correlation since it is placed in the horizontal plane, and the
larger AS results in the lower correlation. When the number
of antennas is small, the large AS (i.e., the rich scattering)
results in a very low average correlation, which has a great
advantage compared with the small AS. As the number of
antennas increases, the advantage of the average correlation
with a large AS is weakened. For instance, when the number
of antennas is 20, the average correlation of the certain one
antenna with AS=3∘ is about 0.6, while the average correlation
with AS=60∘ is lower than 0.1. As the number of antennas
increases, the average correlation of the certain one antenna
decreases. When the number of antennas is 160, the average
correlation when AS=3∘ is also lower than 0.1, which has little
difference with the average correlation value with AS=60∘.
This is because when the number of antennas is small, all
the antennas are very close to each other (may be several
wavelengths), so the antennas need rich scattering to reduce
the average correlation. But when the number of antennas is
large, more antennas are far from the certain one antenna,
therefore, the average correlation of a certain antenna becomes
low as the number of antennas increases. Fig. 3(b) shows the
average correlation of the whole ULA massive MIMO system
antennas using PW. Also we can see as the number of antennas
increases, the advantage of the average correlation with a large
AS is weakened. Therefore, massive MIMO systems do not
need rich scattering (large AS) to decrease the correlation
compared to the traditional MIMO systems. In addition, the



(a)

(b)

Fig. 3. (a) 𝜌𝑃𝑊
1 versus number of antennas using PW with different AS

(b) 𝜌𝑃𝑊 versus number of antennas using PW with different AS.

average correlation for both a certain antenna and the whole
system antennas decrease to a certain extent as the number of
antennas increases, and keeping further increasing the number
of antennas makes little improvement.

Fig. 4(a) shows the average correlation of the whole massive
MIMO system antennas comparison of using PW and SW
with a signal source at different distances. The AS is set to
be a typical value 5∘, from which we can see that when 𝑑𝑦 is
small (i.e., the distance between the transmitter and receiver
is small), the average correlation using SW is lower than that
using PW, which means that the SW effect is obvious and the
near-field effects help decorrelating the antennas. While when
𝑑𝑦 becomes larger (i.e., the distance between the transmitter
and receiver becomes larger), the SW gets more closer to PW,
which means the SW effect is weakened when the distance
between transmitter and receiver increases. Fig. 4(b) shows
the corresponding channel capacity comparison of using PW

(a)

(b)

Fig. 4. (a) The whole system antennas average correlation comparison of
PW and SW versus number of antennas (b) Channel capacity comparison of
PW and SW versus number of antennas.

and SW with a signal source at different distances, where SNR
is set to be 10 dB and 𝐾 = 8. The channel capacity increases
as the number of antennas increases, and the lower average
correlation results in the higher channel capacity. Also when
𝑑𝑦 is small the channel capacity using SW is higher than using
PW because of the lower average correlation. While when 𝑑𝑦

becomes larger, the SW gets closer to PW. In addition, the SW
curve overlaps the PW curve when the 𝑑𝑦 is large enough, then
the SW can be regarded as PW when the transmitter is far
enough away from the receiver. For both Fig. 4(a) and Fig.
4(b), when the number of antennas is small, all the curves
overlap because of the small antennas size. As the the number
of antennas increases, the differences between SW and PW
appear due to the massive antenna structure.



IV. CONCLUSION

In this paper, a 3-D geometrical channel model is estab-
lished for massive MIMO systems. We consider both far-field
effect using PW and near-field effect using PW. We focus on
the massive MIMO system antennas average correlation and
channel capacity. The average correlation for a certain antenna
is derived to describe the certain one antenna correlation
degree, and the average correlation for the whole system
antennas is defined to describe the whole system antennas
correlation degree. The near-field effects help decorrelating
the antennas, and the average correlation for both a certain
antenna and the whole system antennas decrease to a certain
extent as the number of antennas increases. The SW effect is
weakened when the distance between the transmitter and the
receiver increases, and the SW can be regarded as PW when
the transmitter is far enough away from the receiver.

APPENDIX

PROOF OF EQUATION (1)

In Fig. 5, 𝑙 is a straight line in the plane 𝜀. Line segment
𝑂𝐴 intersects plane 𝜀 at point 𝐴. 𝐵 is the projection of 𝑂 on
plane 𝜀. Line segment 𝐵𝐶 intersects with 𝑙 at point 𝐶 at a right
angle. We define ∠𝑂𝐴𝐶 = 𝜗,∠𝐵𝐴𝐶 = 𝜗1,∠𝑂𝐴𝐵 = 𝜗2.

∵ 𝑂𝐵⊥𝜀

∴ 𝑂𝐵⊥𝐴𝐶

∵ 𝐴𝐶⊥𝐵𝐶

∴ 𝐴𝐶⊥𝑂𝐵𝐶, 𝐴𝐶⊥𝑂𝐶

And we have:

𝑐𝑜𝑠𝜗 =
𝐴𝐶

𝐴𝑂
, 𝑐𝑜𝑠𝜗1 =

𝐴𝐶

𝐴𝐵
, 𝑐𝑜𝑠𝜗2 =

𝐴𝐵

𝐴𝑂
. (20)

𝑐𝑜𝑠𝜗1𝑐𝑜𝑠𝜗2 =
𝐴𝐶

𝐴𝐵
⋅ 𝐴𝐵

𝐴𝑂
=

𝐴𝐶

𝐴𝑂
= 𝑐𝑜𝑠𝜗 (21)

𝑐𝑜𝑠𝜗 = 𝑐𝑜𝑠𝜗1𝑐𝑜𝑠𝜗2 (22)
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Fig. 5. The diagram of three concurrent angles.
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